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A Dynamical Approach to Heavy-ion Fusion: 48Ca + 244Pu
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We developed a combined approach for the calculation of the fusion cross section and the evaporation residue cross
sections in reactions with heavy ions. The method consists of two parts. The first part is a Langevin dynamics
with which we can calculate the touch probability of the incident ions Ptouch and the formation probability of the
compound nucleus Pform. Their product gives the fusion probability Pfus. The second part is a statistical calculation.
We employ the code HIVAP for calculations of the survival probability Psurv of the compound system. The approach
is tested on the reaction 48Ca + 238U and is applied to 48Ca + 244Pu system. The preliminary results are presented.

1. Introduction

During last decade a big progress has been achieved in syn-
thesis of the super heavy elements (SHE). Events which indi-
cate syntheses of the elements 114 and 116 have been observed.1

But the experiments have been made more or less in empirical
ways. Thus, theoretical efforts are being waited for to provide
suggestions effective for planning of experiments. For that pur-
pose most urgent to understand is mechanisms of fusion in mas-
sive systems where so-called fusion hindrance is experimentally
known to exist.2 One of ways to this direction is a development
of the two-step approach for fusion,3 which is expected to enable
us to calculate fusion probabilities for superheavy compound
nuclei, properly taking into account the possible mechanisms
for the hindrance. In the present paper, we explain the theoret-
ical framework and present preliminary results on 48Ca + 244Pu
system.

According to the theory of the compound nucleus, residue
cross sections are given by a product of fusion probability Pfus

and survival probability Psurv, which are independent with each
other except conserved quantities such as energy, total angular
momentum, etc.;

σres = πλ−2 ∑
J

(2J +1) ·PJ
fus(Ec.m.) ·PJ

surv(Eex), (1)

where the excitation energy of the compound nucleus Eex is
equal to the sum of the c.m. incident energy Ec.m. and the Q value
of the fusion reaction. The probability of compound nucleus for-
mation is given by the product of two probabilities which corre-
spond to two successive processes, respectively;

Pfus = Ptouch ·Pform (2)

The first factor Ptouch is the probability for the nuclear matters of
the incident ions to touch each other, and the second Pform is the
probability of compound nucleus formation, starting from the
pear-shaped composite system made of the incident ions. The
both processes are described by Langevin equations, though the
first one also describes a heating-up process of the system.4,5

Since the two processes are successive, it should be noticed here
that the results obtained in calculations of the first process are
used as input data of initial conditions for calculations of the
second process. Combined with the survival probability Psurv

calculated with the statistical decay part of HIVAP,6 we obtain
final residue cross sections for SHE according to eq 1.
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2. Entrance Channel

Dynamical calculations of collision processes in the entrance
channel provide us with Ptouch. We employ the classical trajec-
tory model to describe collision dynamics of the entrance chan-
nel. The spherical shapes of the ions are assumed not to change
for simplicity. We introduce variables with the intrinsic spins L1

and L2 of the incident ions, respectively,

L+ = L1 +L2 = Lin −L(t)

and

L− =
C1L2(t)−C2L1(t)

C1 +C2

as in Reference 7. Here C1 and C2 are approximately equal
to ions radii Ri (Ri = 1.28A1/3

i − 0.76 + 0.8A−1/3
i fm) and are

given as Ci = Ri(1 − (b/Ri)2), i = 1,2, b = 1 fm. And we
have dL+/dt = −dL(t)/dt. Therefore Langevin equations in
the present model are given:

dr
dt

= 1
µ

p , (3)

dp
dt

= −dV
dr

− γr
p
µ

+ωr(t) , (4)

d
dt

(
L

L−

)
=

(
γ11 γ12

γ21 γ22

)(
L

L−

)
+

(
˜γ11

γ21

)
Lin

+
(

θ11 θ12

θ21 θ22

)(
ω

ω−

)
, (5)

where V is a sum of the Coulomb energy, of the rotational en-
ergy, and of the nuclear energy — VN . And
(

γ11 γ12

γ21 γ22

)
=


−Ψ(r)cT

[
1
m + r2

(C1+C2)2
C2

1J2+C2
2 J1

J1J2

]
−Ψ(r)crollg2

[
1

(C1+C2)
C1J2−C2J1

J1J2

] −Ψ(r)cT

[
r2

(C1+C2)
C1J2−C2J1

J1J2

]
−Ψ(r)crollg2

[
J1+J2
J1J2

]



with γi j being the friction tensor of the system. ˜γ11 = γ11 −
Ψ(r)cT/m, and θi j = θi j(γi j) define magnitudes of random force.
ωi(ω,ω−,ωr) are random numbers with properties

〈ωi〉 = 0, 〈ωi(t)ω j(t′)〉 = 2δi j δ(t − t′). (6)

The function Ψ(r) defines a radial form factor of the fric-
tion of the system; Ψ(r)cT — the tangential friction and
Ψ(r)croll g2 (croll = const ·cT ) — the rolling friction, and γr = 2cT

— the radial friction.
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Figure 1. The dependence of reaching the sticking limit on friction
forces The relation the average angular momentum in touching point
“L touch” to the sticking limit angular momentum “L st” versus relative
distance (Rt and Rp are radii of the target and the projectile, respectively)
in the dependence of the friction forces: top — proximity model, bottom
— SFM.

Figure 2. The comparison of the tangential (top) and the relative (bot-
tom) friction form factors between SFM and proximity model versus
relative distance, the same as Figure 1.

We investigate two types of friction in the entrance chan-
nel. The above forms of γi j connect with the proximity fric-
tion and the proximity potential energy VN (Ref. 8) for colliding
ions. In the proximity friction model the friction is just stem-
ming from exchanges of nucleons between slowly moving ions,
which is the window formula part of so-called one-body wall-
and-window formula used for analyses of fission. It is not so
strong as the surface friction model (SFM), which is introduced
by Gross and Kalinowski.9 The rolling friction is not included
in SFM. In the case only with the radial and the tangential fric-
tions, we have the relation Ψ(r)cT = K0

φ
(

dVN
dr

)2
for the tangential

friction and γr = K0
r

(
dVN
dr

)2
for the radial friction, where VN is the

Figure 3. The touch probability for different initial angular momenta
versus Ec.m. −Bfus.

nuclear potential energy9 between the ions. As will be seen be-
low, SFM is of very strong frictional forces. Therefore, we have
two extreme types of friction: strong (SFM) and weak (proxim-
ity). Which one is preferable? Or more realistic? In order to
answer this question, we need to make a systematic analysis.

We expect the incident ions to be united when the ions touch.
Then, the system moves (rotate) as a whole. The target and the
projectile have the same angular velocity as that of the whole
system. This situation is called the sticking limit.7 Therefore,
we investigate the both friction mechanisms in reference to the
sticking limit. Figure 1 shows our results. We calculate the
quantity Ltouch/Lst, which is equal to 1 if the system reaches the
sticking limit. First, we investigate both model with their stan-
dard parameters. We used croll = 2cT for the proximity friction,
and K0

φ = 0.0001, K0
r = 0.035 in unit of 10−21 s/MeV for SFM.

The proximity friction can not give rise to the sticking limit. Ac-
tually, the system is far from the sticking limit in the touching
point. A possible way to make the proximity friction stronger is
to increase const in the rolling friction (see page 19), while the
other parts are calculated according to the prescription. We in-
crease const · croll two orders of magnitude, but still the sticking
limit is not realised.

The opposite situation is obtained with SFM. The system is
very near to the sticking limit with the standard parameters. (By
the way, the authors9 gave two values for the parameter K0

r . They
are 0.035 and 0.040. The second one gives the quantity Ltouch/Lst

is almost exactly equal to 1.) The main difference between two
models is in the radial friction as shown in Figure 2. The tan-
gential friction of SFM is stronger than that of the proximity
by 30%. The radial friction in SFM is stronger than proximity
one by two orders of magnitude. It means that the sticking limit
depends first of all on the radial friction of the system. And
the second conclusion from this figure would be that the fric-
tion between two ions is due to more complicated mechanisms
than nucleon exchanges between colliding ions alone. We, thus,
employ SFM for the entrance channel below. The touch proba-
bility Ptouch, of course, depends on the angular momentum. We
calculate Ptouch for a few initial angular momenta. The results
are shown in Figure 3. We can see that the touch probability
slightly decreases, as the angular momentum increases. The
value Ptouch = 1/2 is reached when the c.m. energies become
higher than the fusion barrier by 15, 25, 35 MeV for L = 0, 30,
60h̄, respectively. It means that the extra push energy increases
with the angular momentum. The grazing angular momentum
which is the maximum angular momentum reaching the barrier
in case of no friction for a given Ec.m. (V (Lgr) = Ec.m.) dissipates
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Figure 4. The Lgr and Ltouch — top, the quantity Ltouch/Lgr — middle,
and the touch cross section — bottom versus Ec.m. −Bfus for the reaction
48Ca + 244Pu.

as the ions approach each other. Figure 4 shows decreases of the
orbital angular momentum, that is, from Lgr to Ltouch. The quan-
tity Ltouch/Lgr increases from zero up to constant value ∼0.7, as
Ec.m. increases. The limiting value does not depend on ion com-
binations.

3. Evolution of Shape and Survival Probability

The dynamical collision processes analysed in the previous
section give us the united system consisting of two touching
ions. Then, the next step is to obtain the probability Pform for
the system to reach the spherical shape. In order to describe
the evolution of this system to the spherical shape, we employ
a Langevin equation for the variables describing collective mo-
tions for which we use the parameters of the two-center model.
The equation is slightly different from one used in previous sec-
tion,

dqi

dt
=

(
m−1)

i j
· pj,

dpi

dt
= − ∂U

∂qi
− 1

2
∂

∂qi

(
m−1)

j k
· pj pk

− γi j

(
m−1)

j k
· pk +gi j ω j(t), (7)

where U is the liquid drop model (LDM) potential energy, mi j

and γi j are the shape-dependent collective inertia mass and fric-
tion tensors, respectively. ωi(t) is normalized random force with
properties as defined in eq 6. The strength of the random force
gi j is related to the friction; γi jT = gikgjk . The Werner-Wheeler
approximation10 is used for the inertia tensors. The friction ten-
sor is assumed to be that calculated with the wall-and-window
one-body model.11 Many trajectories are taken into account in
order to obtain the formation probability. All trajectories start
from the touch point for various angular momenta and relative
momenta. Distributions of the relative momentum and the angu-
lar momentum have been obtained in the entrance channel cal-
culation. Most of trajectories go back to reseparation, as shown
with the thick line in Figure 5. A fraction of them reaches the
spherical shape as shown in Figure 5 with thin lines. The lat-
ters give distributions of the excitation energy and the angular
momentum of the compound nucleus formed. The final stage of
the calculation is made by using the statistical code HIVAP in
order to obtain the survival probability Psurv. As for the param-
eters in HIVAP, we adopt the standard values recommended by
Reisdorf. We show a map of potential energy of the 48Ca + 238U

Figure 5. The map LDM of the potential energy. The axes are α
— the asymmetry parameter, R — elongation parameter in unit R0, the
radius of the sphere with the same volume. The different lines show
examples of the trajectories of shape evolution. The thick lines show
the trajectories going back to reseparation and the thin lines show the
trajectories which go to the compound nuclei.

Figure 6. Calculated fusion cross section and corresponding experi-
mental data12 for 48Ca + 238U system.

reaction because this reaction was used as a test reaction. The
fusion cross sections were measured for this reaction in Refer-
ence 12. This gives us a possibility of testing the present model
calculations and of adjusting the parameters. Our results are
compared with the experimental data in Figure 6, where we as-
sumed the remaining radial kinetic energy to be about 25% of
the maximum available energy at the contact point. With zero
remaining energy, the calculated values are smaller than the ex-
periments by factor 1/several. This means that the friction of
SFM might be too strong. Of course, for a reproduction of the
fusion data, there is another possibility of reducing the wall-
and-window friction13,14 in the last part of our dynamical cal-
culations. But below, we follow the former way of adjusting
friction strengths.

4. Results and Conclusion

We applied the above described formalism to calculations of
the fusion cross section and of the evaporation residue cross sec-
tions for the reaction 48Ca + 244Pu. The results are shown in Fig-
ure 7. Masses of the heaviest elements are not known experi-
mentally, therefore we employ the table of the mass by Möller
et al.15 Then, the calculations have given unrealistically large
evaporation cross sections. In order to obtain a realistic result,
we have to decrease the absolute value of the shell correction
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Figure 7. Fusion cross section and cross section of (xn)-reaction. The
curves are of theoretical calculations. The experimental residue cross
section is ∼1 pb and excitation energy of the system is 35 MeV.1

energy of Reference 15 with factor 1/3, which would not be
so ridiculous, considering that the available mass (shell correc-
tion energy) predictions are different with each other (see for
comparison16). An assumption about a closed shell is one of
the reasons of this discrepancy. A value of the shell correc-
tion energy changes if we assume for the closed shell Z = 114
or Z = 126. The shell correction energy is much smaller in the
second case. But, unfortunately, nobody knows the real situa-
tion. The change of the mass by 1 MeV gives the change of
the cross section by one order, therefore improvements of our
knowledge about masses of heaviest elements provide us with
reliable calculations of survival probability of the super heavy
elements.

We have developed an approach which gives us the possi-
bility to estimate the formation probability of superheavy ele-
ments. Already preliminary results obtained with it appear to
be reasonable. We have understood that friction in the entrance
channel is strong and that the proximity type of the friction is
not strong enough for explanation of di-nucleus formation of
colliding ions. Our calculations suggest that the shell correction
energies for the heavy elements might not be so large as pro-
posed. Of course, there are a few other possibilities which give
rise to the similar effects to the reduction of the shell correction
energy, for example, the collective enhancement factor for the
fission width, so-called af /an being larger than 1, etc. We hope
that this approach provides us with a physical understanding of
the mechanism of synthesis of the superheavy elements.
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