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The average angular momentum of the primary fission fragments as a function of their masses was calculated using
the wave function of the bending mode excitation at the scission point. The scission configuration was assumed
to be determined by the prescission shapes of fissioning nucleus within the multimodal fission model. Results in
25U(nw, f) isin good agreement with the recent experimental data.

1. Introduction

The average angular momentum of the fission fragments as a
function of their massesisdetermined for various nuclel with the
study of prompt y rays.® The recent observations of y rays are
carried out with multi-fold y-ray coincidences between several
detectors of Compton suppressed Ge arrays.

A model for calculating the angular momentum distribution
of fission fragments was proposed by Rasmussen et al.® inwhich
a scission point approximation of a spheroid tangent to a sphere
was made. The average angular momentum of fragment *®Ru
as ~6his calculated in Z°Pu(ny, ). The model was generalized
for the case when both fragments were deformed by Pfabe and
Dietrich”® and numerical calculations for the even-even frag-
ments of 2°U(ny, f) were carried out. Recently, Rasmussen
et a.° have calculated the increase in angular momentum due
to Coulomb excitation for **Mo formed in the cold fission of
Z2Cf(sf). The small spin observed for Mo, 3.8h, implies that
the primary fission fragment may have no spin at the scission
point.

In this study, the average angular momentum of the primary
fission fragments as a function of their masses were calculated
using the wave function of the wriggling-bending motion at the
scission point. The prescission shapes were determined by the
experimental mass and kinetic energy distributions. The neutron
multiplicity distribution was well accounted by these shapes.

2. Calculations

2.1. Determination of Prescisson Shape Parameters.
According to the BGM mode!,° after leaving the compound or
ground state, the nucleus could split into fragments by a number
of paths, referred as modes. These paths are categorized as stan-
dard 1 (S1), standard 2 (S2), and superlong (SL). Each modeis
characterized by the shape parameters of the fissioning nucleus
at the scission point. A fissioning nucleus in a given mode can
be represented by prescission shape of a fairly long flat neck
connecting two relatively large heads. Parameters of this repre-
sentation are the semi-length (1), the neck radius where the neck
isthinnest (r), the thinnest position of the neck (2), the curvature
(c), and the extension of the neck (a), the transitional points ({.
and (), and the radii of spherical heads (r; and r;). Parame-
ters for each mode of fissioning system have been determined
by recipes given in References 10, 11.

2.2. Calculation of Angular Momentum of Fission Frag-
ments. In order to calculate the angular momentum distribu-
tion of fission fragments, amodel, first proposed by Rasmussen
et a.,® and later extended to the deformed complementary fis-
sion fragments by Pfabe and Dietrich,”® was followed. The
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coordinate systems and parameters involved in our study are
depicted in Figure 1. The nucleus was assumed to decay into
primary fission fragments. They were modeled by embedded
ellipsoids with major, & and minor axes, bi. These ellipsoids
separated by a center-center distance, o, interact through the
Coulomb potential'? and nuclear potential®® so that the total po-
tential energy of the system is the sum of these two potentials.
The total potential energy was calculated for each complemen-
tary pair as a function of distance between the centers for their
aligned configuration. Our results showed that the minimum
potential energy occurs at a distance of ¢ ~ a1 + a. All angu-
lar momentum calculations reported in this work were done at
the minimum potential energy. The kinetic energy associated
with the relative motion of nascent fragments was obtained with
the adiabatic approximation. Ignoring the coupling between the
internal and total angular momentum together with rotation of
fragments around their symmetry axes, the Hamiltonian describ-
ing the internal motion became,

I1-12 |2 12 . .5
H = + o5t 55+
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—C128n0:5n6; COS(¢2 —¢1) s (1)

wherel; is the angular momentum of the i-th fragment about its
center of mass, So = po?, with pt being the reduced mass of the
two fragments and ¢ being center-to-center distance (Figure 1),
B; and B, are the reduced inertias, C;, C,, and Cy, are coeffi-
cients calculated depending on shape and charge of fragments.
Angles 01, 8, ¢1, and ¢ are defined in Figure 1. We solved
the Schrodinger equation exactly. First we obtained a suitable
basis set by solving one particle eigenvalue equations. We then
used these functions as a product-bases for expanding the two-
fragment eigenfunctions. Due to the factorization provided by
the M quantum number and the even-odd parity of state func-
tions, the problem was amendabl e to practically exact solutions.
The average vaues of |1 and |, quantum numbers for two frag-
ments were evaluated with the calculated wave functions. For
non-zero temperatures, they were obtained with Boltzmann av-

eraging.

Figure 1. The coordinate systems and definition of parameters.
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TABLE 1: The prescission shape parametersfor three low-energy fissioning systems.
I r c z ri r G & a Weight

/fm /fm /fm™! /fm /fm /fm /fm /fm /fm ! %
ZSSU(nth, f)
Standard 1 15.00 2.73 0.01 0.63 6.04 5.50 4.71 14.36 0.86 17.92
Standard 2 16.30 2.96 0.0053 1.08 6.01 514 4.30 18.18 1.23 81.98
Superlong 18.90 3.39 0.01 0.00 4.88 4.88 1.38 26.66 517 0.09
2BCm(sf)
Standard 1 16.20 2.95 0.038 0.43 5.85 554 3.39 1791 2.76 10.50
Standard 2 17.10 311 0.0060 0.78 5.89 5.30 3.84 19.69 1.55 55.50
Standard 3 18.10 3.29 0.0070 1.44 5.76 4.87 3.35 23.06 2.56 26.00
Superlong 20.80 3.30 0.011 0.00 471 471 0.87 31.32 80.00 0.25
ZSZCf(Sf)
Standard 1 16.60 2.25 0.0011 0.37 6.12 578 515 16.51 0.69 14.45
Standard 2 17.37 2.50 0.0030 0.71 6.14 5.53 4.80 18.95 1.07 46.60
Standard 3 19.10 3.47 0.0069 1.50 543 4.67 2.16 26.78 3.68 37.79
Superlong 19.50 3.00 0.0025 0.00 547 5.47 3.27 24.79 1.87 1.22

3. Resultsand Discussion

The shape parameters together with fission mode probabil-
ities were determined for 2°U(nm, ), 22Cm(sf), and 252Cf(sf)
and they are given in Table 1. The radius parameter
ro=1.2249 fm was used throughout the calculations. The de-
termined shapes were used to calculate many experimentally
measurable quantitiesin fission using the Monte-Carlo Method.
The results of these calculations and their comparison with the
experimental results will be published in the forthcoming paper.

The model described in sect. 2.2 was used to calculate the
average angular momenta of complementary even-even primary
fission fragments for 2°U(ny, f), 22Cm(sf), and Z2Cf(sf). The
deformation parameters of fragments at scission were obtained
by using the prescission shape of each mode. The prompt neu-
tron multiplicity as a function of fission fragment masses was
calculated for each system. The close correlation between the
calculated results and the experimental data for prompt neu-
tron multiplicity gave a strong support to the correctness of the
shapes employed in this study. The even-Z even-A complemen-
tary primary fragments with the largest independent yields in
their corresponding mass chains according to the Z, model**
were chosen for angular momentum calculations aslong astheir
isobaric mode probabilities were larger than 1%. The total po-
tential energy taken as the sum of the shape dependent Coulomb
and Proximity Potentials was calculated for each fragment pair
asafunction of the distance between the centersfor their aligned
configuration. It has been seen that the extremum points of the
potential energy curves move to alarger center-center distances
as one goes from Sl to S2 and then to SL mode. It has aso
been observed that there is a decrease in the potential energy in
the same order. Both of these observations are consistent with
the formation of more deformed fragments in this order. We
assume that the distribution of angular momenta between the
complementary fragments is determined in the scission valley,
and not seriously altered during the rapid passage through the
low scission barrier.

The average angular momenta of the primary fission frag-
ments as a function of their mass numbers were calculated in
the various fission modes of all fissioning systems. The re-
sullts for Z5U(ny, f) are shown in Figure 2 together with their
weighted average over these modes. Angular distribution of the
v ray emitted by the fragments'™ shows that the direction of an-
gular momentum is perpendicular to the fission axis in accor-
dance with our results. The trend of angular momentum values
for each modeis very similar to that of the average neutron mul-
tiplicity values since both of them are directly related to the de-
formation of fragments at the scission point. It is seen from Fig-
ure 2 that in each mode, the angular momenta smoothly increase
as a function of the fragment mass. This property of the angu-

lar momenta is closely related to a similar trend in the restor-
ing force constants (Ci) and the reduced moment of inertia (B;).
Ignoring the coupling between the two fragments, and making
the harmonic approximation, it may be shown semiclassically®
that the ground state angular momentum of a fragment is pro-
portional to (GiB;)** Thus, the change in the angular momenta
paralels those in C; and Bi. The sharp decrease in the average
angular momentum around the symmetric division is related to
the asymmetric prescission shapesin standard modes. In the lat-
ter, the flat neck is ruptured closer to the larger head associated
with the heavy fragment in order to produce fragments close to
mass symmetry. As aresult, the heavy fragment is formed with
asmaller deformation in contrast to its more deformed partner.
Even at the symmetric division, the complementary fragments
in standard modes are formed with much different deformations
on the basis of the multi-modal fission model. As a result, a
saw-tooth structure is expected to be observed in the angular
momentum as a function of fragment mass. On the other hand,
due to the symmetric prescission shapesin the SL mode, the de-
formation and angular momentum of a fragment is expected to
increase with its mass as seen in Figure 2. The behavior of the
average angular momentum as a function of massweighted over
the fission modes is also shown in the same figure. The struc-
ture on this curve carries the signatures of both mode probabili-
ties and angular momenta. For example, the sharp drop around
A= 122 for 2U(ny, f) is aresult of the diminishing contribu-
tion of the SL mode to the yield distribution as one moves away
from the symmetric split. The location and degree of sharpness
is due to the contribution of Sl to the symmetric region. Ex-
perimenta data on the angular momentum distribution around
this region would be very valuable. It has been shown'® that
the multi-modal fission model may be capable of explaining the
experimental results on isomer ratios.
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Figure 2. The dependence of calculated average angular momentum
on fragment mass for fission modesin Z5U(ny, f).



Multi-modal Study of Angular Momentum Distribution

The angular momentum of fission fragments due to the bend-
ing motion may be atered due to their Coulomb excitation.
There may be an increase or decrease in this angular momen-
tum. In the calculations of Dietrich and Zielinska-Pfabe® anin-
crease of about 10-15% was concluded for thiseffect. Misicu et
al.™ concluded that the Coulomb excitation accounts less than
10% of the final spin of fragments in the cold fission of 22Cf.
A simple classical model® has been proposed to investigate the
change in the distribution of angular momenta due to the sub-
sequent Coulomb excitation. In this model, it is assumed that
the shape of fragments do not change during acceleration. Asa
result, the axially symmetric fragment with intrinsic quadrupole
moment feels a torque depending on the time it takes to rotate
it, and changes its angular momentum by Al. The angular mo-
mentum due to Coulomb excitation is assumed to be perpendic-
ular to the angular momentum due to the bending motion. The
results of our calculations within this model indicated that the
post-scission change of the fragment angular momenta is rela-
tively small (only asmall fraction of h). This result may easily
be understood because the aligned configuration for primary fis-
sion fragments is the most probable scission condition in which
the torque felt by each fragment vanishes. It may be deduced
from the values that angular momentum change due to Coulomb
excitation is negligible with the assumption that it is perpendic-
ular to the angular momentum due to the bending motion. How-
ever, detailed trgjectory calculations are needed to make a final
decision about the quantity of this effect.

In Figure 3, our calculated values of the average angular
momenta are compared with the experimental results® for ther-
mal neutron-induced fission of 2°U. The preliminary conclusion
reached by Shannon® in his measurements of theratio of average
spins at which discrete states are populated in cold fission to the
average when the same nucleus is formed as a primary product
in fission events in which the total number of prompt neutrons
is equal to four. The value of this ratio suggests that the aver-
age angular momentum of primary fragments is only about 1h
higher than in cold fission fragments. The 1h may betaken to be
arising from the reduction in the angular momentum due to two
neutrons on the average being emitted from each primary frag-
ment. Calculation with the statistical evaporation code CAS-
CADE?"® suggesting that each neutron evaporation reduces the
average entry point spin by ~0.5h'is consistent with this above
conclusion. CASCADE calculations also suggest that statistical
v transitions are expected to produce an even smaller reduction
in the entry point spins. Shannon, considering effects of neutron
and statistical y ray emission in the angular momentum, cor-
rected the angular momentum of fission products to obtain that
of primary fission fragments® They are given in Figure 3. The
agreement is observed between our calculated values within the
BGM model and the experimental values of the average angular
momenta as a function of fission fragment masses.

The effect of intrinsic excitation energy on the angular mo-
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Figure3. A comparison of calculated and experimental average angu-
lar momentum as a function of fragment massin Z°U(ny, f).
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mentum distribution was examined. The prescission shape pa-
rameters were determined for the nuclear temperature T; for the
i-th mode with the intrinsic excitation energy at scission EJ.
The latter energy was taken to be 26% of the potential energy
freed on descent from the last barrier before scission AU; for
25U (nw, f). The nuclear temperatures obtained in thisway were
closeto 0.4 MeV. The curveindicated asthe cal cul ated values of
the average angular momenta in Figure 3 was for T =0.4 MeV
which was almost indistinguishable from the corresponding one
for T =0. Assuming AU; isfully converted into intrinsic excita-
tion energy, a nuclear temperature of about 0.8 MeV would be
expected. Thethicker curvein Figure 3 represents T = 0.8 MeV.
Such an approximation gives an upper limit of the effect of tem-
perature on angular momentasince it leaves no room for prescis-
sion kinetic energy, and energy for other degrees of collective
excitations other than deformation.

Figure 3 also shows the results of the calculations made by
Dietrich and Zielinska-Pfabe® for the zero temperature case. In
their work, the fissioning system at the scission point was rep-
resented as two nuclel with quadrupole deformations that were
obtained by the total excitation energies of the fragments. Their
theoretical results were in good agreement with the y-ray mul-
tiplicity experiment! under the assumption that the angular mo-
mentum of a fission fragment is approximately equal to twice
the number of yrays, N(A),. They suggested that there are weak
points in the approximate relation I; = 2N,.. Since the character
of the y-ray cascade is expected to depend on the nuclear struc-
ture of the fragments such asimple relation may not be redlistic.
As seen in Figure 3, contrary to the close relation between our
results and the recent experimental data, the results of Dietrich
and Zielinska-Pfabe are unsatisfactory especialy for the heavy
fragments. This may be because the scission configuration is
represented better in the multi-modal fission model used in our
study.

In addition, the average angular momentum of primary fission
fragments over al modes and masses were cal culated and found
to be 5.7h for 2°U(ny, f). The average angular momentum of
primary fission products, obtained by Ahmad and Philips® is
equal to 4.6h for the ®*U(ny, f). Thedifference of 1.1h between
the angular momenta of primary fission fragments and products
is consistent with our estimation of the decrease in angular mo-
mentum due to prompt neutron and statistical y-ray emissions.

Average angular momentum values are also calculated for
22Cf(sf) and 28Cm(sf). Reasonable agreement with experimen-
tal data has been obtained for these systems.
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